In this paper recoil-ion production cross sections are presented differential in recoil-ion longitudinal momentum and electron emission angle in ionization of atomic and molecular hydrogen by bare ion projectiles. A new formulation for constructing these double differential distributions from the measured electron double differential cross sections is used. A novel feature is the separation of two different branches of the recoil-ion longitudinal momentum distribution corresponding to soft and hard collision mechanisms of ionization. The single differential distributions have also been derived. [S0031-9007(96) Ionization in ion-atom collisions is a fundamental process which is important in understanding three-body dynamics. The precise measurement of electron double differential cross sections (DDCS) in electron energy and angle has enriched our understanding of the different ionization mechanisms for soft electron emission, binary encounter (BE) electron emission, and the electron capture to the continuum cusp production. While the ejected electron spectroscopy (EES) has been a subject of extensive study in the past two decades [1] [2] [3] [4] [5] [6] [7] , the recoil-ion momentum spectroscopy (RIMS) has been developed only recently [8] [9] [10] [11] [12] [13] . The RIMS has provided valuable information on the various ionization mechanisms such as electron-electron, electron-nucleus, and postcollision interactions via the measurements of the cross sections differential in recoil-ion ͑ p R ͒ and electron momenta ͑p e ͒. In a kinematically complete experiment on ionization, Moshammer et al. [10] have measured the single differential cross sections (ds͞dp Rk and ds͞dp ek ) using high resolution RIMS technique.
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The connection and the complementary nature between the EES and RIMS techniques have not been fully explored. It is shown here that the EES measurements, although not kinematically complete, can be used to derive a variety of doubly differential cross sections with respect to electron emission angle ͑u e ͒ and the longitudinal momenta the electron ͑p ek ͒, recoil-ion ͑p Rk ͒, and the projectile longitudinal momentum transfer ͑p Pk ͒. The doubly differential recoil-ion momentum distributions can provide a deeper understanding of the three-body and binary collision mechanisms for ionization. In fact, the soft and hard collisions can be separated as two different branches with widely different cross sections. Moreover, the high resolution RIMS experiments need to use a cold jet as the target. Building of a cold jet for atomic and molecular hydrogen still remains a challenging task, and hence the conventional RIMS technique, as it stands today, cannot approach these targets. The present technique will thus be extremely useful and unique in providing knowledge on the finalstate momentum distributions of the primary collision products of ionization in the fundamental collision system, namely, H 1 1 H, and also in ionization of the simplest molecule H 2 by fast bare ions.
To manifest the present method we derive here the doubly differential longitudinal momentum distributions for the recoil ions and the electrons in ionization of hydrogen for two different collision systems: (i) bare carbon ions ͑2.5 MeV͞u, y 10 a.u.͒ colliding with molecular hydrogen and (ii) low energy ͑0.114 MeV͞u, y 2.14 a.u.͒ protons colliding with atomic hydrogen. These results are derived from the electron DDCS data measured recently [7, 14] using standard EES techniques and will not be discussed here. The same electron spectrometer (with an energy resolution of about 5%) was used in both measurements, and the electrons emitted in ionization of H and H 2 were detected at ten [7] and twelve [14] different angles between 15 ± and 165 ± .
In Fig. 1 (a), we show the electron DDCS ͑
͒ spectra [14] as a function of electron energy ͑´e͒, for u e 45 ± and u e 160 ± for 2.5 MeV͞u C 61 1 H 2 . These data sets will be used below for the present analysis. Our calculations using the continuum distorted wave-eikonal initial state (CDW-EIS) approximation [15, 16] are also shown in Fig. 1 . These calculations are based on an independent electron approximation, as explained in Ref. [14] .
The final-state electron longitudinal momentum distribution in terms of electron DDCS can be expressed as d 2 s dp ek dV e jp ek j
The fundamental law of energy-momentum conservation plays the key role in obtaining the recoil-ion longitudinal momentum distributions from the EES spectrum. momentum conservation can be expressed as 2p Pk p ek 1 p Rk ഠ 2Q͞y ͑´e 2´i͒͞y , (2) where p Pk refers to the longitudinal momentum transfer of the projectile with initial velocity y, and j´ij is the binding energy of the target atom in the initial state. The quantity Q refers to the Q-value of the reaction. From Eq. (2), recoil-ion longitudinal momentum can be expressed as
This relation is valid for a three-body system involving a heavy projectile which suffers small energy loss compared to its initial energy and is correct to the order of m e ͞m P and m e ͞m T , where m e , m P , and m T represent the mass of electron, projectile, and target. The recoiling particle can be uniquely defined only in collisions of bare ions with atomic hydrogen. In the case of other targets (such as H 2 ͞He), Eq. (3) merely reflects the momentum balance in the center of the mass frame, and therefore the recoil momentum refers to the momentum of the "compound" third party which is separable from the ionized electron and the projectile. Furthermore, for the present collision system ͑C 61 1 H 2 ͒ the cross sections for dissociative and double ionization are estimated to be about 5% to 7% and 3% of the total ionization cross section, respectively. These estimations are based on the previous works [17] [18] [19] on similar collision systems and from recent experiments [20] . Therefore, the most probable recoil ion would be the H 1 2 , in the present case. The DDCS, with respect to p Rk and u e , can be obtained from the following transformation:
Such doubly differential measurements can be carried out by detecting the recoil ions in coincidence with the ejected electrons emitted in a given direction. No such measurements have been reported. Similarly, the projectile momentum transfer distribution can also be given by
The DDCS in´e and the projectile scattering angle have been measured recently [21] for low energy p 1 He. In Fig. 1(b) we present d 2 s dp ek dV e and d 2 s dp Rk dV e for u e 45 ± for C 61 1 H 2 . The peak at 0.43 a.u. in the electron momentum distribution consists mainly of the low energy ͑´e ഠ 0.2 a.u.͒ electrons arising from the soft collisions. Another wide peak at about 10 a.u. is due to the hard BE collisions. The recoil-ion momentum distribution, on the other hand, has a few features. First, we note that there is a divergence in this distribution (at p Rk 2 u e ͒ part of the electron spectrum. The wide peak in this lower branch corresponds to the BE process. This distribution peaks near p Rk ഠ 0, signifying that this process involves primarily the collision between the electron and the projectile. The projectile longitudinal momentum transfer distribution [ Fig. 1(c) ] starts at 20.057 a.u., which is the minimum momentum transfer ͑j´ij͞y͒ required to ionize H 2 and falls off rapidly, indicating that most of the cross sections for projectile momentum transfer are related to the very low energy electron emission. However, there is a well separated wide peak in this distribution due to the BE process at about 210 a.u., satisfying the longitudinal momentum balance [Eq. (2) (1)- (5)] as used for the experimental data. The CTMC calculations therefore provide an independent check on the collision dynamics since no such transformations are performed. This calculation does not yield the singularity present in the transformed data.
It may be emphasized that the upper branch ("soft branch") in the recoil-ion momentum distribution is dominated mainly by the three-body soft collision ionization mechanism, and the lower branch ("hard branch"), on the other hand, consists mostly of the two-body hard collision process, namely, the binary encounter. This is the first manifestation of the existence of two branches in recoil-ion longitudinal momentum distribution with widely different cross sections.
At the backward electron angle, u e 160 ± , the situation is reversed [ Fig. 1(d ) ]: the electron distribution peaks near 20.57 a.u. and the recoils near 10.65 a.u. For this angle (and for all other backward angles), the p Rk ͑´e͒ is a single valued function of´e (i.e., only one branch is allowed kinematically, since p Rk . j´ij͞y 0.057͒. The CTMC calculations, although they provide a good qualitative agreement, underestimate the data slightly.
The similar distributions for the most fundamental collision system, i.e., H 1 1 H, are shown in Figs. 2(a) and 2(b) for u e 15 ± . This is a pure three-body collision system with H 1 being the only recoiling ions. All the features observed for the high energy collision system ͑C 61 1 H 2 ͒, including the soft and hard branches, are also . It was necessary to have data in small angular steps to perform the numerical integration. The contribution of the divergence (in the recoil-ion DDCS) to the single differential cross section ͑ds͞dp Rk ͒ is negligible since the interval Dp Rk shrinks to zero at the point of divergence. It may be noted that the electron distribution peaks near a positive longitudinal momentum ഠ0.1 a.u. for C 61 1 H 2 and near 0.3 a.u. for the H 1 1 H collision system. The larger shift in the distribution in the case of H 1 1 H is primarily due to the large Q͞y-value ͑ 0.24 a.u.͒ as compared to the high energy collision system for which Q͞y 0.057 a.u. The recoil-ion distributions, for both of the collision systems, are peaked near p Rk ഠ 0, indicating that the post collision interaction in the present collision systems is much weaker than that observed for more highly charged ions [10] . No measurements on the recoil-ion momentum distributions for this fundamental collision system ͑H 1 1 H͒ have been reported before. These distributions, along with the peak positions, are well reproduced by the CDW-EIS calculations for both collision systems. The CTMC calculations predict larger shifts and underestimate the cross sections for C 61 1 H 2 . In the case of H 1 1 H, these calculations provide a better agreement with the data.
The transverse momentum of the recoil ion is given by p RTr p PTr 2 p eTr . Since p eTr is the only measured quantity from the EES, it alone cannot determine the transverse momentum distribution of the recoil ion or the projectile.
In summary, we have introduced and explored the doubly differential final-state longitudinal momentum distributions of the electrons, recoil ions, and the projectiles in ion-atom ionization. The complementary nature of the electron spectroscopy and the recoil-ion momentum spectroscopy have been investigated to show that many of the important features of current RIMS experiments can be addressed from the EES measurements. The influence of the three-body ionization, as well as the binary encounter processes on the recoil-ion (and projectile) longitudinal momentum distributions, have been explored. The separation of the soft and hard collision branches of recoil-ion distributions is a novel feature of the present technique. This method of studying the recoil-ion longitudinal momentum distributions with a pure three-body collision system like H 1 1 H is unique since the conventional high resolution RIMS technique, which needs a cold jet target of atomic hydrogen, cannot yet approach this fundamental collision system. The present method does not require a cold jet and therefore can be applied for other ion-atom collision systems.
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